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The calculation of the lubricant-layer thickness using a fluid-mechanics approach is shown for the case of the cold drawing of
metals. Examples of the calculation for a solid lubricant layer and a different geometry of the die entering angle are shown. The
calculation of the effect of inertial force with a high drawing speed on the lubricant-layer thickness is also presented.
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Predstavljen je izra~un debeline plasti maziva je za vle~enje kovin na podlagi mehanike fluidov in primeri izra~una za trdno
mazivo ter razli~no geometrijo vhoda v matrico. Predstavljen je tudi primer izra~una vpliva sile vztrajnosti na debelino mazivne
plasti pri veliki hitrosti vle~enja.

Klju~ne besede: mazanje, Reynoldsova ena~ba, matemati~no modeliranje, Couettov tok, inercija maziva

1 INTRODUCTION

During the cold working of metals the presence of a
lubricant on the surface ensures a lower extrusion force,
less die wear and a reduction in the energy consumed1.
The lubricant layer enables a greater per-pass reduction,
a better surface quality and an increase in the operational
stability of working devices2,3. It also increases the
drawing speed by 50 % and the yield by 20 %3. In the
drawing process for low and middle carbon steels,
expensive industrial lubricants are substituted with soap
powders4. The functional quality of the lubricants for
drawing depends on:

• the metal drawing temperature (thermal decompo-
sition lowers the lubricant capacity and the antifric-
tion properties),

• the adhesive force to the covered metal surface,
• the resistance to its expulsion from the deformation

area,
• the corrosion properties.

Furthermore, the lubricant should be free of com-
pounds that have a harmful effect on human skin, an
unpleasant smell or a low flash point. For metal
extrusion and drawing the following lubricants are used:

• solid lubricants derived from animals, such as cattle
and sheep’s tallow and synthetic powders,

• liquid lubricants (machine oils and plant fats),
• emulsion oils and emulsions,
• glass lubricants5.

For wire drawing the following lubricants are used:
• powders of calcium and sodium soaps with the

addition of molybdenum disulfide powder,

• mineral oils,
• emulsions based on flour, soap and sulphuric acid,
• water dispersions of colloidal graphite.

For the drawing of tubes with a non-circular profile
an iodine solution in dibutylphtalate is used as a
lubricant. After working, the lubricant residue is
removed by washing in hot water, and the tubes are
passivated in a water solution of calcined soda and
trisodiumphophate6.

This lubricant is deposited on a phosphate base with
the immersion of tubes in the solution7 at a temperature
of 70 °C to 90 °C. Also, the combined processes of the
deposition of phosphate and lubricant were developed,
and an improvement to the wetting angle was achieved
by combining zinc phosphate and sodium soap in the
water solution 8. The immersion time was 5 min to 10
min. With longer immersion times the technological
properties of the solution are impaired because of the
reaction:

6R0Na + Zn3(Po4)2 →3R0
2Zn + 2Na3PO4 (1)

where R0 is the radical of the fatty acid. Also, the
following reactions can occur:

2C17H35COOONa + H2SO4 →
→ 2C17H35COOH + Na2SO4 (2)

R0
2Zn + H2SO4 → 2R0N + ZnSO4 (3)

The stability of the solution is increased with the
addition of a solution of caustic of soda with a pH ≈ 8.
For the drawing of silver and precious-metal alloys
paraffin wax and other waxes are used.
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2 FLUID MECHANICS DURING LUBRICANT
DRAWING

2.1 Calculation of the layer thickness for a liquid lubri-
cant

For this calculation, Pradtl adapted the Reynolds
hydrodynamic equation9, 9/1, 9/2 and the solution

dp/dx = 6 µv0 (h0 – h)/h3 (4)

is used for the calculation of the lubricant layer thick-
ness. In the equation the inertial forces are neglected
and the lubricant is treated as a Newtonian fluid10.
Furthermore, the absence of any effect of external
forces, the constant pressure over the section of the
metal and the large ratio of curvature of the metals
surface over the lubricant layer thickness are assumed11.
The tool (matrix) geometry has a strong influence on the
drawing process12. A scheme of the drawing with the
lubricant corresponding to Equation (4) is shown in
Figure 1.

The dynamic viscosity of the lubricant depends on
the pressure according to the Barussa13 law:

η = η 0 exp (γp)

For a linear change of shape in the matrix gap Ψ in
Figure 1, the lubricant layer thickness (height) is:

h = h0 – x tanα (5)

The change of pressure in the lubricant layer is:

∆p = – (1/γ) ln[1 – 3µ0 γ v0(2 – h0/h)/h tan α] (6)

For p = p0 and h = h0, the lubricant layer height
(thickness) in the entry gap of the deformation zone is
deduced as:

h0 = (3µ0γv0)/[(1 – exp(–γp0)] tan α] (7)

This solution was developed by Mizuno1 and later
confirmed by Grudev and Kolmogorov13,14. Also, the
solution can be used:

h0v = (9µ0γv0)/[4(1 – exp(–γpv)] tan α] (8)

where pv = σt0 – σ0 and σt0 = 1.15 σt (9)

The hydrodynamic friction was first investigated by
Kameron,15 and his findings were later confirmed by
Christopherson and Naylor15/1,15/2, 15/3.

In the modified scheme of die drawing16 in Figure 2
the Descartes system is shifted17 in comparison to Figure
1. For the same die, the Descartes system can also be
placed according to Figure 318.

For Figure 3 the Reynolds equation written in cylin-
drical coordinates is:

1/r[∂/∂r(r∂vz/∂r)] = (1/µ) ∂p/∂z (10)

∂p/∂r = 0 (11)

According to Figure 2 and assuming z = z0, the
maximal pressure in the lubricant layer is obtained with
the solution of Equation (10) for the proper boundary
conditions:

pmax = – 6µu{1–2ε0/(Rw–a)[1– ε0/2(Rw–a)]}/
/Tε0 : Rw = tanαLp=TLp (12)

By analogy, the maximal pressure in the lubricant
layer according to Figure 3 is:

pmax= – (6µu) [1–z0/lb]
2 /(Tt–Top)∆ : z0(Tt–Top) = ∆;

Tt–Top = tan α1 – tan α (13)

The solutions according to Figure 2 and 3 have
some common factors. The lubricant’s rheological
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Figure 3: Scheme of drawing for the case of metal and die surfaces
forming the lubricant wedge
Slika 3: Shema vle~enja za primer, ko povr{ini kovine in matrice
oblikujeta klinasti sloj maziva

Figure 1: Scheme of die drawing with lubricant
Slika 1: Shema vle~enja z mazivom

Figure 2: Modified scheme of die drawing with lubricant
Slika 2: Modificirana shema vle~enja z mazivom skozi matrico



properties are characterized by the dynamic viscosity, µ,
the kinematics with the drawing speed, v, the shape of
the die with the tangent (α) of the angle of the lubricant
layer, Tt–Top, and the thickness of the lubricant layer, ε0

and ∆. The processing is isothermal and the effect of
temperature on the lubricant viscosity can be considered
to be included in the calculation of Barussa’s equation.

The drawing scheme19 for the drawing with a die of
more complex design is shown in Figure 4.

In the Descartes system the hydrodynamic lubri-
cation is described with the simplified Reynolds
differential equation:

∂p/∂x = µ ∂2vx /∂y2 (14)

∂p/∂y = 0 (15)

With the boundary conditions:

vxy=0 = v0 + ∆v(x/lp)
2

vx½y=h = h0 – x tan α = 0 (16)

For the simplification of the analysis the die shown in
Figure 5 is separated into two parts relative to the line
A-A and the ordinate 0 – y in Figure 5B is the section
line A –A in Figure 4A.

The pressure gradient in the lubricant layer according
to Figure 5A is:

∂p/∂x = 6µ {[v0 + ∆v(x/lp)
2] (h0 – xtanα*) – 2v1h2}/

(h0 – xtan α*)3 (17)

By analogy, the gradient of the pressure for the
scheme in Figure 5B is deduced by considering the
boundary conditions:

vxy=0 = v1

vxy=h1 = 0

∂p/∂x = 6µv1(h1 – 2h2)/h1
3 (18)

It is sufficient to know the solution of the differential
equation for one side of the line A-A because both sides
are related with the equation:

h2 = h1/2 + h1
3 [1 – exp(–γp0)]/(12µ0γv1lK) (19)

The effect of inertial forces in the drawing processes
is described by the equation:

∂p/∂x = 6µv0/h
2 +C1µ/h3 +

+ [tan α ρ/120h3](16v0
2h2 – C1

2) (20)

with

C1 = k/2 – [k2/4 + 2v0h0(8v0h0 + 3k)]1/2 (21)

and

k = 120ν/tan α (22)

The lubricant inertia forces20 increase with the
drawing angle and the drawing speed and decrease with
a greater dynamic viscosity of the lubricant.

Besides the presented solutions of the differential
equations, mathematical modelling is also applied to
deduce the lubricant layer thickness21, especially for
rough surfaces22. The following four functions j must be
considered for the correct calculation:

ε/Ras = 7,72·10-2 ϕ1(Rapop) ϕ2(Rauz) ϕ3(stuz) ϕ4(stpop) (23)

where Ras is the average roughness, Rapop and Rauz are
the longitudinal and transverse average roughness, and
stuz and stpop are the roughness reference length. It is
assumed that the anisotropy of the micro-relief does not
affect the wear for a liquid lubricant. Empirical
investigations have shown for soap powders that the
ratio ε/Ras has values in the range 0.4 to 12.7 and 1.7 to
3.2 for the industrial oil I-8A, according to the Russian
standard. These figures show that the industrial oil
ensures a better regime of liquid lubrication and friction
if the surface roughness is greater than the lubricant
layer thickness, ε, and the orientation of the roughness
affects the frictional force.
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(A)

(B)

Figure 5: Two sections of Figure 4: a) Linear gap for lubricant flow,
b) Square gap for lubricant flow
Slika 5: Dva dela slike 4

Figure 4: Drawing scheme for a complex die
Slika 4: Shema vle~enja skozi kompleksno votlico



2.2 Calculation for a solid lubricant

According Figure 6, the distribution of the tangential
forces9/2 in a solid lubricant can be calculated from the
solution of the equation for scheme I in Figure 6:

τ1 = –τ0 – dp/dx(h2–y) (24)

In the equation it is assumed that the lubricant
conforms to the rheological law for a plastic sub-
stance9/2,9/3:

τ = τ0 + K |γ0|m–1 · γ0 (25)

The distribution of the lubricant flow speed for case
II conforms to the equation22/1:
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The flow of solid lubricant shown in Figure 6 for a
cold drawn tube is similar to the flow of fluid in between
two parallel plates, known as Couette flow. For the
calculation of the lubricant layer the thickness in the
entry section of the deformation zone Kolmogorova and
[evljakova23/1 devised the following analytical solution
of Equation (26) assuming that, according to Figure 6,
above the height h1 the lubricant is a cooling liquid and
below it is a solid lubricant:
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The solution for the case of the solid lubricant
according to schemeI in Figure 6 is:
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In modern investigations of the plastic working of
metals and the use of lubricants tribological principles
are increasingly used24. Frequently, emulsions are used
in combination with solid lubricants25. Also, the effects
of decorative26 and corrosion-protection coatings are
investigated using fluid-mechanics principles. Of special
practical importance is the fast development of cold
drawing27 and, as shown in this study, improvements are
looked for in suitable solutions of basic fluid-mechanics
equations and mathematical modelling28 in cases when
adequate solutions for the basic equations are not yet
found. Polymer lubricants are being introduced because
of the possibility to tailor their properties29 and because
high-speed wire drawing30 is increasingly being used.
With the development of new lubricants, special care
should be given to the ecology of use and to their
biological decomposition processes31.

2.3 Examples of calculations

The drawing scheme in Figure 2 makes it possible to
model the matrix entry gap and select a determined layer
thickness eA in the gap Ψ ahead of e0, the starting section
of the metal deformation. In Table 1 an example of a
calculation is given for the case of the gap angle a = 0.02
rad and the value of the technological parameter:

A = (1 – exp(–γp0))/6µγv0 = 1965512 m–1 (29)

The lubricant layer thickness in the die gap is cal-
culated according to Equation (5).

If the geometry of the enter gap Ψ, and the geometry
of the die opening according to Figure 5B is modelled
assuming the cubic polynomial:

ε(x) = ε0 – ax + x2/2RM – ax3/2R2
M (30)
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Figure 6: Scheme of the flowing of solid lubricant during cold
drawing
Slika 6: Shema toka trdnega maziva pri hladnem vle~enju



With RM = 0.2 m, α = 0.2 rad and the technological
parameter according to Equation (29) and Ψ deduced as
a function of vo, the curve in Figure 7 is obtained. The
curve series 1 is the solution of Equation (18), while the
curve Poly (series 1) is obtained by using the
interpolation of the polynomial (30).

Table 1: Effect of the matrix gap opening Ψ (possible entry lubricant
layer thickness εA) on ε0 (lubricant layer thickness at the start of the
plastic deformation)
Tabela 1: Vpliv oblike odprtine matrice Ψ (mo`na debelina plasti
maziva εA) na ε0 (debelina plasti maziva na za~etku plasti~ne defor-
macije)

εA/m ε0/m
1.26E-05 9.98E-06
1.56E-05 1.17E-05
2.02E-05 1.41E-05
4.54E-05 2.25E-05
5.55E-05 2.45E-05
9.75E-05 2.92E-05
1.25E-04 3.07E-05
5.48E-04 3.48E-05
7.25E-03 3.54E-05
9.25E-03 3.54E-05

0.01 3.54E-05

If the lubricant is in excess ahead of the matrix gap
entry section, as in Figure 1, there is no influence of εA

on ε0. However, if εA is lowered below 5.48E-4 m, ε0

will also be lowered significantly. The influence of εA on
ε0 commences for a critical entry gap size. This is shown,
for a drawing angle limited to 0.02 rad in Figure 7. As it
is critical, the enter gap Ψ is assumed, for which the
value εA lowers ε0 by about 5 %. The increase of the
drawing speed shifts the critical gap size to greater
values of εA and, for this reason, the effect of drawing
speed is greater for smaller drawing angles. For the
correct modelling of the entering gap size of the drawing
die, good results were achieved using Equation (5). For
an optimal modelling radius, the effect of εA on ε0 is
lower. In other words, for a constant εA, ε0 will be
lowered more for a smaller drawing angle, while the
grating of the lubricant will be greater.

In Figure 8 the effect of the inertia index is shown
for the initial section of the metal deformation zone as
the solution of equations (20) and (18), with the
dependence on the dynamic viscosity for a liquid
lubricant and the drawing speed vo. The index of the
inertia increases with the increase of the drawing speed
and the lowering of the lubricant’s dynamic viscosity.
For η = 1 P, the index of the inertia is negligible, as
established by the previously cited authors, G. L. Kol-
mogorov, V. L. Kolmogorov, V. I. Mele{ko, V. L.
Mazur and others.
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Figure 8: Effect of drawing speed on the index of inertia of the
lubricant
Slika 8: Vpliv hitrosti vle~enja na indeks vztrajnosti maziva
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Figure 7: Effect of the drawing speed on the critical size of Ψ (section
of change of ε0 by 5 %)
Slika 7: Vpliv hitrosti vle~enja na kriti~no velikost Ψ (prerez, ker se
ε0 spremeni za 5 %)

Figure 9: Calculated distribution of the speed of two liquid lubricants
in the tube shaped entry die gap according to Equations (28a) and
(28b) for v0 = 16 m/s
Slika 9: Izra~unana porazdelitev hitrosti po ena~bah (28a) in (28b) v
cevnem vhodu votlice za dve teko~i mazivi



In the case of the calculation for two emulsions with
a different volume density and assuming –K = 10; d = 2.05;
–q = 0.5; –h1 = 0.9, the results –h2 = 0.7251, –h0 = 0.4529,
–h10 = 0.8759 were obtained,23 in good agreement with
earlier data in ref.I. The lubricant speed at the level h1 in
Figure 6 is of 0.41 v0. The results of these calculations
are in good agreement with calculations based on
Equations (28a) and (28b) given in several references for
the case of two liquid lubricants of different specific
density separated at the height –h1, as shown approxi-
mately in Figure 9.

In Table 2 the results of the calculation for a fat
lubricant are shown as a solution of the Equations (28c)
and (28d) for the conditions equal to those in23/1,23/2: s1 =
0; s2 = 0; m = 1; c = 1; z = 2; a1 = a2 = 0.

Table 2: Calculations for a fat lubricant and total lubricant sticking
Tabela 2: Izra~un na trdno mazivo (mast) in popolno oprijetost
maziva

δ h h1 2
− −−

7 0.686296 – 0.641544 = 0.044752
6 0.68923 – 0.637575 = 0.0516
5 0.693 – 0.632 = 0.061

4.5 0.696097 – 0.628717 = 0.06734
4 0.699336 – 0.624449 = 0.0748
3 0.708732 – 0.612105 = 0.0966

2.5 0.71572 – 0.60273 = 0.11299
2 0.72556 – 0.589477 = 0.1361

According to these results, the thickness of the solid
lubricant layer 3 in Figure 6 decreases with the increase
of δ.

3 CONCLUSION

In the article a short survey of the theory of the
application of lubricants for the cold-drawing processes
of metals is given. The dies are presented in different
coordinate systems with the aim of more easily finding
the analytical solutions for the basic fluid mechanics
differential equations necessary for the calculation of the
lubricant-layer thickness. The solutions of the basic
equations are shown for liquid and solid lubricants, and
the combination of both, and the calculation of the
change of lubricant layer thickness in the section of the
deformation zone in the entry section of the working die.

For the case of the laminar flow of non-compressible
lubricants, the analytical solutions of Reynolds diffe-
rential equations give acceptable results. For the case of
insufficiently lubricated surfaces with a greater
roughness and hydrodynamic lubrication, it is not yet
possible to use analytical solutions of Reynolds
equations, and for this reason, mathematical modelling is
used32. Also, the effect of lubricant inertia forces is
considered for high drawing speeds used to increase the
angle significantly 33.

Symbols not explained in the text

Symbol Unity Significance
A m–1 Technological parameter
pH number Negative log of the concentration of

hydrogen ions
R0 – Radical of fat acids

Rw, RM m Parameter of the deformation zone and
die radius

p, p0 Pa Pressure in the lubricant layer and in
the entering section of the deformation
zone

x, y, z, r m Descartes coordinates and cylindrical
coordinates

µ, µ0 Pa s Lubricant dynamic viscosity for the
pressures p and p0

v0, vz m/s Metal drawing speed with movement
along the longitudinal axis z

h0, h m Lubricant thickness on the entering
section of the deformation zone and in
the die gap

γ m2/N Piezo-coefficient of the lubricant
viscosity

exp, tan 2.718... Basis of the natural log and tangent of
the metal-drawing die

hov m Lubricant layer thickness determined
using the variation calculation

σt0, σ0 N/m2 Metal yield stress and tensile strength
ν m2/s Kinematic viscosity
q m2/s Lubricant volume consumption per

length of the drawn metal
ρ kg/m3 Fluid density
εA m Lubricant layer thickness ahead of the

die entry gap
α, α∗ rad Drawing angle (a∗ is the rotated angle

related to a)
Ψ m Die gap that can be filled with

lubricant (difference between the
diameter of the die opening and the
sum of the rod + the lubricant
thickness

a m Initial tube size
b m b = a + eA

vz, u m/s Speed along the longitudinal axis z
and the metal drawing speed

z0 m Distance of the lubricant layer with
the thickness D from the initial point

lp, lK m Design characteristics of the die in the
deformation zone

τ Pa Tangential stress
τ0, K, m Grease rheological constants

γ0 Gliding speed
∆ m Lubricant layer thickness in Figure 3
θ m Ordinate of rupture of the lubricant

wedge

Translation from Croatian: prof. dr. Franc Vodopivec
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