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Two methods of determining stress-intensity factors based on the calculations of J- and G-integrals are analyzed for a simulated
emergency-cooling regime of a WWER-1000 reactor pressure vessel. A finite-element analysis of the convergence of the results
determining the stress-intensity factors using different approaches and different finite-element meshes was done.
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Analizirani sta bili dve metodi za dolo~anje faktorja intenzitete napetosti na osnovi izra~una J- in G-integrala pri simuliranem
re`imu hitrega nujnega ohlajanja tla~ne posode reaktorja WWER-1000. Narejena je bila analiza raztrosa rezultatov s kon~nimi
elementi pri dolo~anju faktorja intenzitete napetosti in razli~nih mre`ah kon~nih elementov.

Klju~ne besede: tla~na posoda reaktorja (RPV), metoda kon~nih elementov (FEM), J- in G-integral, razpoka, faktor intenzitete
napetosti (SIF)

1 INTRODUCTION

The safety control of nuclear power plants and, in
particular, of reactor pressure vessels (RPV) as their
most critical elements, is one of the important theoretical
and practical problems. One of the promising ways of
solving this problem is mathematical modeling of the ki-
netics of the thermomechanical state of a reactor pres-
sure vessel, which requires solutions of non-stationary
non-linear problems of thermomechanics. The computa-
tional justification for the strength of the RPV is carried
out on the basis of an analysis determining fracture-me-
chanics parameter values, namely, stress-intensity factors
(SIF).

The complexity of the problem under consideration, a
large amount of computations and the necessity of per-
forming multiple-choice calculations make it essentially
impossible to justify the convergence of the obtained re-
sults when solving practical problems with the finite-ele-
ment method (FEM).1 In the majority of cases, for the
structures of a complex shape, calculations are per-
formed on finite-element meshes with a spacing of 0.5
mm to 1 mm in the vicinity of crack front points. At the
same time, in the finite-element method, the convergence
of numerical-calculation results is a necessary but not a
sufficient condition for their reliability. The degree of re-
liability of the results can be enhanced by comparing the
values of the analyzed parameters obtained with the use
of various hypotheses or criteria.2 It should be noted that

the conditions for attaining the numerical convergence
cannot automatically be extended to another class of
problems. Thus, the numerical-convergence conditions
for the problem to be solved using the deformation-plas-
ticity theory, cannot be fulfilled for the problem to be
solved on the basis of the flow theory.

The goal of the present paper is to analyze the con-
vergence of the results determining the SIF calculated
using various concepts on different finite-element
meshes.

2 PROBLEM STATEMENT

For typical emergency-cooling conditions, known as
the pressurized thermal shock, two computational mod-
els of the WWER-1000 reactor pressure vessel (RPV),
with a built-in crack and without it, are analyzed (Figure
1).

A circumferential semi-elliptical crack with the depth
of a = 15 mm and the ratio a/c = 1/3 of the half-axis3 that
is located at the level of welded joint No. 4 is postulated.
The procedure of embedding the crack in the finite-ele-
ment model of a pressure-vessel fragment is used.

3 METHOD OF CALCULATION AND THE
SOFTWARE

The problem is solved in a three-dimensional formu-
lation using a mixed finite-element method scheme
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(MFEM).4 The main advantage of the MFEM, as com-
pared to the classical FEM approach in the form of the
displacement method, is the possibility of ensuring the
continuity of the approximation not only for displace-
ments but also for stresses and strains as well as the pos-
sibility of accurately satisfying the static boundary con-
ditions on the body surface. The mixed scheme is
implemented in the SPACE&RELAX software package
created at the G. S. Pisarenko Institute for Problems of
Strength of the National Academy of Sciences of
Ukraine.

The procedure of solving the problem includes three
stages. At the first stage, the temperature fields are deter-
mined at the specified instants of time. At the second
one, the fields of displacements, stresses and strains for
the reactor-pressure-vessel (RPV) model are calculated
taking into account the thermomechanical loading his-
tory. At the third stage, a refined calculation of the fields
of displacements, stresses and strains is performed for
the RPV fragment with a built-in crack, and the values of
the stress-intensity factors (SIF) are determined.

When solving the problem of the elasto-plastic for-
mulation, the loading process is divided into separate
time steps, within each of which the elasto-plastic prob-
lem is solved considering the residual plastic strains de-
termined at the previous step. To solve the elasto-plastic
problem at the current stage of loading, a two-step itera-
tion process is used. The problem of the plasticity theory
is solved with the method of variable parameters of elas-
ticity, whereas at the internal steps pertaining to elastic-
ity, the problems are solved using the conjugate-gradient
method with the zeroth-order initial approximation.

4 METHODS OF DETERMINING THE SIF
VALUES

To determine the SIF values, the J-integral and
G-integral concepts are used. In the problems of both
the linear and nonlinear theories of elasticity as well as
the deformation-plasticity theory, the J-integral value
characterizes the energy-release rate for a virtual
infinitesimal crack extension.5,6 The applicability of the
J-integral concept is limited by the following require-
ments: the material is nonlinearly elastic and homo-
geneous; under elasto-plastic deformation, the load
increases in proportion to one parameter, that is, the
deformation-plasticity theory is applicable. The use of
the J-integral in the flow theory has no theoretical
justification.

In this paper, the method of equivalent volume inte-
gration (EVI) proposed by G. P. Nikishkov is used for
the calculation of the J-integral value.7

The G-integral of the crack closure is defined as the
work of adhesive forces acting in a body ahead of the
crack front and preventing a separation of its surfaces
when the crack propagates negligibly. For the instant of
the crack growth onset when the value of the crack prop-
agation can be considered as infinitesimal, the G-integral
is calculated with formula:8

G = ⋅
1

2
�  (1)

Here, � is the stress calculated normally to the crack
plane at the finite-element node located ahead of its
front;  is the opening displacement calculated as a dif-
ference in the displacements normal to the crack plane
for two mesh nodes adjacent to the crack front and lying
on its different surfaces.

In contrast to the J-integral, the G-integral value re-
mains meaningful when used in the flow theory for an
arbitrary loading history, because it defines the specific
work necessary for the crack growth onset in an elas-
tic-plastic body. The G-integral value is likely to be
meaningful only on condition that tensile (positive)
stresses are acting at the crack tip.

Thus, it can be noted that when solving elasto-plastic
problems with the flow theory for a complex law of load-
ing, the use of the G-integral concept is more justified
than the J-integral concept.

5 FINITE-ELEMENT MESH

Figure 2 illustrates a fragment of the finite-element
mesh being constructed in the vicinity of the crack front.
The mesh extending along the front consists of three
parts – the core, the transition zone and the coarsening
zone. The core size is selected to be small in comparison
with the size of the transition zone (5–10 %). A mesh
that is regular in the plane perpendicular to the crack
front is constructed in the core. The size of the mesh
spacing along the front is adjusted by assigning the
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Figure 1: Computational model of the WWER-1000 reactor pressure
vessel
Slika 1: Model za izra~une tla~ne posode reaktorja WWER-1000



refinement factor whose value is selected so that, in the
vicinity of the points of interest (e.g., the deepest point
of the front), the ratio of the mesh spacing values along
the front and in the plane directed to it does not exceed
10 × 1 × 1. The fragment of the finite-element mesh
constructed in the crack plane is shown in Figure 3.

The mesh shown in Figure 3a allows obtaining reli-
able data on the fracture parameters for the points lo-
cated along the crack front (point 1 is the deepest point
of the front) but does not allow evaluating their values at
point 2 on the boundary between the base metal and the
cladding. The mesh shown in Figure 3b makes it possi-
ble to obtain reliable data on the values of the stress-in-

tensity factors and the corresponding integrals at points 1
and 2.

Unless otherwise specified, the results below were
obtained using the unclosed crack model.

6 SOLUTION OF THE PROBLEM IN THE
ELASTO-PLASTIC FORMULATION TAKING
INTO ACCOUNT THE LOADING HISTORY

When solving the problem of the elasto-plastic for-
mulation, taking into account the loading history, we an-
alyzed the sensitivity of the SIF values determined with
the following factors:
• the use of the initial RPV model with a built-in crack

and without it;
• the use of different criteria for stopping the iterative

process;
• the use of the finite-element meshes of different den-

sities.
The SIF values presented in all the plots were nor-

malized with the SIF value determined using the G-inte-
gral for the crack with the mesh parameters of 21 μm ×
5.5 μm. Relative temperature T – Tk0 is set along the hor-
izontal axe, where Tk0 is the critical-brittleness tempera-
ture of the metal under the initial conditions.

6.1 Analysis of the influence of the crack presence in
the initial RPV model and the used criteria for
stopping the iteration process

In the method of variable elasticity parameters, the
use of two criteria for stopping the iteration process is
analyzed – based on the discrepancy (2) and the G-inte-
gral value (3):
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where ri is the discrepancy vector, Gi–k and Gi are the
G-integral values at the i-k-th and i-th step iterations
with respect to the non-linearity, k ( 1 is the parameter,
�r = 1 × 10–16, �G = 1 × 10–3.

Figure 4 shows the plots of the results for fracture
parameters – CTOD and relative SIF values calculated
using the G-integral for the problems that were solved on
three meshes (1000 μm × 600 μm, 400 μm × 275 μm,
47.5 μm × 27.5 μm) under the following conditions:
• the initial RPV model with a built-in crack, the stop-

ping criterion is (2),
• the initial RPV model without a built-in crack, the

stopping criterion is (3).
The analysis of the results allows one to conclude

that it is unreasonable to build a crack into the initial full
RPV model. The use of criterion (3) instead of criterion
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Figure 3: Finite-element mesh constructed in the crack plane: a) with
an unclosed contour, b) with a closed contour
Slika 3: Mre`a kon~nih elementov, postavljena v ravnini razpoke: a) z
nezaprtim obrisom, b) z zaprtim obrisom

Figure 2: Finite-element mesh constructed in the vicinity of the crack
front
Slika 2: Mre`a kon~nih elementov, konstruirana v bli`ini ~ela razpoke



(2) did not lead to a noticeable difference in the results of
the problem solution (the maximum difference in the SIF
values was found to be less than 0.1 %) but made it pos-
sible to reduce considerably the total time of the solution
(if the time of the problem solution with the use of crite-
rion (2) can be taken to be a unity, then, with the use of
criterion (3), the problem time was 0.55 for the mesh of
1000 μm × 600 μm, 0.4 for the mesh of 400 μm × 275
μm, and 0.7 for the mesh of 47.5 μm × 27.5 μm).

The character of the SIF variation curves (Figure 4b)
shows that the effect of the mesh-spacing value is mini-
mum at the stages of active loading. However, with an
increase in the spacing, the descending branch of the
curve departs increasingly more to the right, showing a
tendency to be vertical in the limit.

Particular attention should be given to the stress be-
havior during the mesh refinement – under unloading, a
compressive stress zone occurs in the vicinity of the
crack tip. The instant of time, at which this zone begins
to be fixed, and its size are essentially dependent on the
spacing value in the vicinity of the crack front. Thus, for
the mesh of 1000 μm ×600 μm, the compressive stresses
did not occur at all, whereas for the mesh of 400 μm ×
275 μm they appeared at the crack tip only, at the time
instant of 6400 s.

For the mesh of 21 μm × 5.5 μm, the last SIF value
was obtained for the time instant of 2000 s, whereas for
the mesh of 1000 μm × 600 μm, the SIF values were ob-
tained up to the time instant of 6 400 s. The plots of the
time dependence of the compressive-stress-zone size in
the vicinity of the crack tip for the meshes of 47.5 μm ×
27.5 μm and 21 μm × 5.5 μm are given in Figure 5.

6.2 Use of meshes of different densities

The solution of the problem with the finite-element
method can be considered to be reliable only upon reach-
ing the convergence. It is common practice to perform an
analysis of the convergence by comparing the solutions
obtained on two or more meshes, whose spacings differ
by a factor of 2 to 5 times. Figure 6 compares the rela-
tive SIF values calculated on the meshes of 1000 μm ×
600 μm, 47.5 μm × 27.5 μm and 21 μm × 5.5 μm using
the J- and G-integral concepts. At the stages of active
loading, the greatest difference in the SIF values is !9 %
for the meshes of 1000 μm × 600 μm and 47.5 μm × 27.5
μm, whereas for the mesh of 21 μm × 5.5 μm this differ-
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Figure 6: Plots of the relative SIF values calculated on different
meshes using the J- and G-integral concepts: 1 – 1000 μm × 600 μm
(J), 2 – 1000 μm × 600 μm (G), 3 – 47.5 μm × 27.5 μm (J), 4 – 47.5
μm × 27.5 μm (G), 5 – 21 μm × 5.5 μm (J), 6 – 21 μm × 5.5 μm (G)
Slika 6: Prikaz relativnih vrednosti SIF, izra~unanih z razli~nimi mre-
`ami, s konceptom J- in G-integrala: 1 – 1000 μm × 600 μm (J), 2 –
1000 μm × 600 μm (G), 3 – 47,5 μm × 27,5 μm (J), 4 – 47,5 μm × 27,5
μm (G), 5 – 21 μm × 5,5 μm (J), 6 – 21 μm × 5,5 μm (G)

Figure 4: Plots showing the results of calculating the fracture parame-
ters: a) is for the crack-tip opening displacement, b) is for the relative
SIF values: 1 – 1000 μm × 600 μm (1), 2 – 1000 μm × 600 μm (2), 3 –
400 μm × 275 μm (1), 4 – 400 μm × 275 μm (2), 5 – 47.5 μm × 27.5
μm (1), 6 – 47.5 μm × 27.5 μm (2)
Slika 4: Prikaz rezultatov izra~unov parametrov preloma: a) je za
premik konice razpoke, b) je za relativne vrednosti SIF: 1 – 1000 μm ×
600 μm (1), 2 – 1000 μm × 600 μm (2), 3 – 400 μm × 275 μm (1), 4 –
400 μm × 275 μm (2), 5 – 47,5 μm × 27,5 μm (1), 6 – 47,5 μm × 27,5
μm (2)

Figure 5: Plots of the time dependence of the compressive-stress-zone
size in the vicinity of the crack tip: � 21 μm × 5.5 μm, � 47.5 μm ×
27.5 μm
Slika 5: Prikaz odvisnosti velikosti tla~ne cone na ~elu konice raz-
poke: � 21 μm × 5,5 μm, � 47,5 μm × 27,5 μm



ence is !3 %. It can be noted that the SIF values deter-
mined using the G-integral concept turn out to be higher
than those determined using the J-integral concepts, and
also that with a decrease in the mesh-spacing value, the
difference between the SIF values calculated with vari-
ous methods decreases, too.

6.3 Determination of the allowable critical-brittleness
temperature of the metal

The data of the SIF calculation for a circumferential
under-the-cladding crack obtained using the J- and
G-integral concepts is applied when determining the
critical-brittleness temperature of the metal. A fracture-
toughness curve is used, whose equation is given in3,9.
Figure 7a shows the plots of the temperature depen-
dence of the relative SIF values KI(T)/Kmax and the
fracture toughness KIc(T)/Kmax for the three meshes (1000
μm × 600 μm, 47 μm × 27.5 μm and 21 μm × 5.5 μm)
obtained using the J-integral concept. On the other hand,
Figure 7b illustrates the plots obtained using the G-in-
tegral concept. Table 1 summarizes the values of incre-
ments in the critical-brittleness temperature of metal
 Tka compared for the meshes of 1000 μm × 600 μm, 47
μm × 27.5 μm and 47 μm × 27.5 μm , 21 μm × 5.5 μm.

On the basis of the analysis of the results it is possible to
draw a conclusion about their convergence when
successively denser meshes are used.

The critical-brittleness temperature values of the
metal obtained using the J-integral concept turned out to
be less conservative than those obtained using the G-in-
tegral concept.

The critical-brittleness temperature value of the metal
increases and becomes determined with lesser conserva-
tism when performing a refinement of a finite-element
mesh.

Table 1: Values of increments in the critical-brittleness temperature of
the metal
Tabela 1: Vrednost korakov kriti~ne temperature krhkosti kovine

Mesh, μm × μm  Tka, J-  Tka, G-
47 × 27.5 � 1000 × 600 14 °C 14 °C
21 × 5.5 � 47 × 27.5 5 °C 3 °C

6.4 Analysis of the results obtained using the closed-
crack model

Figure 8 shows the results of determining the SIF
values at a deep point of the crack and at the midpoint of
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Figure 8: Plots of the relative SIF values calculated on different
meshes using the J- and G-integral concepts: a) is for the deep point of
the crack, b) is for the point at the boundary between the base metal
and the cladding: 1 – 1100 μm × 360 μm (J), 2 – 1100 μm × 360 μm
(G), 3 – 100 μm × 100 μm (J), 4 – 100 μm × 100 μm (G), 5 – 12 μm ×
12 μm (J), 6 – 12 μm × 12 μm (G)
Slika 8: Relativne vrednosti SIF, izra~unane z razli~nimi mre`ami z
uporabo koncepta J- in G-integrala: a) je za to~ko v globini razpoke,
b) je za to~ko na meji med osnovnim materialom in oblogo: 1 – 1100
μm × 360 μm (J), 2 – 1100 μm × 360 μm (G), 3 – 100 μm × 100 μm
(J), 4 – 100 μm × 100 μm (G), 5 – 12 μm × 12 μm (J), 6 – 12 μm × 12
μm (G)

Figure 7: Determining the critical-brittleness temperature value of the
metal: a) the J-integral concept; b) the G-integral concept: 1 – 1000
μm × 600 μm, 2 – 47.5 μm × 27.5 μm, 3 – 21 μm × 5.5 μm
Slika 7: Dolo~anje vrednosti kriti~ne temperature krhkosti kovine: a)
koncept J- integrala, b) koncept G- integrala: 1 – 1000 μm × 600 μm, 2
– 47,5 μm × 27,5 μm, 3 – 21 μm × 5,5 μm



the boundary between the base metal and the cladding
with the use of the J- and G-integral concepts. For the
deep point, the results obtained using the G-integral con-
cept, as before, turned out to be more conservative than
those obtained using the J-integral concept. At the same
time, for the point at the boundary between the base
metal and the cladding, the results obtained using the
J-integral concept turned out to be more conservative
than those obtained with the G-integral concept. For this
point, the maximum difference in the SIF values deter-
mined using both concepts was approximately �5 %.

7 CONCLUSIONS

The SIF determination methods based on the use of
the J- and G-integral concepts were analyzed for a typi-
cal regime of the WWER-1000 RPV emergency cooling.

When solving the problem of an elastic and elasto-
plastic formulation without taking into account the load-
ing history, the difference in the SIF values is negligible,
corresponding to the theoretical statements about the
equality of J and G integrals.

The results of the SIF calculation obtained using the
initial full model of the RPV – with a built-in crack and
without it – practically coincide, which testifies to the
uselessness of the crack embedding into the initial full
model of the RPV. However, according to the require-
ments of the IAEA (International Atomic Energy
Agency), a crack is to be built in the RPV fragment un-
der consideration.

It was shown that when solving the problem of the
elasto-plastic formulation on the basis of the flow theory
under non-proportional loading, the SIF values obtained
using J- and G-integral concepts are in agreement even
at the stages of unloading, although the use of the J-inte-
gral concept under these conditions contradicts the the-
ory statements.

The results of the SIF calculation using the G-integral
concept are more conservative than those obtained using
the J-integral concept.

The character of the temperature dependence of the
fracture parameters – the stress at the crack tip and SIF –

at the stages of unloading was shown to be considerably
dependent on the density of the employed finite-element
mesh. With a decrease in the size of the finite element in
the vicinity of the crack front, an increase in the size of
the compressive-stress zone is observed, and the de-
scending branch of the SIF curve tends to become practi-
cally vertical. The analysis of the behavior of the frac-
ture-parameter curves points to the convergence of the
results, which is a necessary condition for solving the
problem with the finite-element method. However, the
use of the temperature dependence of SIF constructed
from the solution of the problem on a dense finite-ele-
ment mesh for the purpose of determining the brittleness
temperature of the metal results in obtaining, as far as we
know, less conservative results than those obtained using
the curve constructed from the problem solution on a
coarse finite-element mesh.
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